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It is well known that K, is a precaliber of Cp(X) for every Tychonoff space X. We prove under 
GCH that a compact space X is metrizable if and only if K, and K, are calibers of Cp(X). We 
show also that if X is a compact space then K, is a caliber of Cp(X) if and only if its diagonal 
A c X2 is small in the sense of Husek [9]. A similar method is used to establish that if X is an 
extremally disconnected compact space then Cp(X) admits a continuous injection into C.+ (7) 
(for some T) if and only if the space X is separable. 
AMS(MOS) Subj. Class.: 54C40, 54D60 
~ 
1. Introduction 
All topological spaces considered in this article are assumed to be Tychonoff. In 
the notations and terminology left unexplained below we follow [5]. The usual 
space of real numbers is denoted by R; the symbols 7, A always denote some infinite 
cardinals; N+ = 1,2, . . . is the set of all positive integers, and the symbols k, 1, m, 
n are used only to denote members of N+. If X is a space, then Cp(X) is the space 
of all real-valued continuous functions on X, in the topology of pointwise conver- 
gence. It is well known that Cp(X) is a dense subspace of R1xl-the space of all 
real-valued functions on X with the topology of pointwise convergence. A cardinal 
T is said to be a caliber (precaliber) of a space 2 if for every family y of non-empty 
open subsets of X such that 1 yI = T there exists a subfamily y1 c y satisfying following 
conditions: ny,#0 and Iy,l=7 (Iyll= 7 and y, is centered). It follows from 
Cp(X) = RX and from the well known properties of the space RX that every 
uncountable cardinal is a precaliber of the space Cp(X) [4]. We are goimg to study 
under which conditions imposed on a compact space X the cardinal K, will be a 
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caliber of Cp(X). It turns out that this is the case if and only if the diagonal 
A c X XX is small in the space X XX in the sense of HuSek [9,7]. From this using 
a result of Hao-Xuan [7] we deduce that it is consistent with ZFC for a compact 
space X to be metrizable if and only if K, is a caliber of the space Cp( X). Assuming 
2K~ = K2, we prove that for metrizability of a compact space X it is necessary and 
sufficient that K, and K2 be calibers of Cp(X). Closely related to precalibers is the 
concept of point-finite cellularity of a space, introduced in [ 111. 
We say that the point-finite cellularity p(Z) of a space Z is 6 T if 1 yI G T for every 
point-finite family y of non-empty open sets in Z. This concept shows itself very 
instrumental in the proof of the following assertion: if X is an extremally discon- 
nected compact space, then Cp(X) admits a continuous injection into the space 
I*(T) for some T if and only if the space X is separable. Let us recall that 
Z.+(T)=&.(IA~)={~E RA:l{a~A: If(a)lZe}I<Ko for every E>O} 
is a subspace of the topological product RA, where IAl = T. Therefore, the space 
Cp(PT), where T is an uncountable discrete space, cannot be continuously injected 
into any X*(T). A supersequence is the one point compactification of any infinite 
discrete space. For the sake of brevity: a continuous one-to-one mapping into is 
called a continuous injection, and a continuous one-to-one mapping onto is called 
a continuous surjection. 
The i-weight of a space X (denoted by iw(X)) is the minimal infinite cardinal r 
for which there exists a continuous surjection of X onto a space Y such that 
w(Y) = r. The definitions of other cardinal functions--d, w, nw, t, l-can be found 
in [3] or [5]. By y(X) is denoted the topology of a space X; y*(X) = y(X)\(D). 
If X is a space and A c X, then y(A, X) = {I/ E 9(X): A c U}. We write y-(x, X) 
instead of y-((x), X}. 
2. Point-finite cellularity of Cp(X) and one-to-one continuous mappings of Cp(X) into 
Z*(T) 
Given a space X we put a(X) = sup{~: there is a supersequence Y c X such that 
1 YI = T}. The cardinal function a is called Alexandroff number. 
Let us quote a few facts on point-finite cellularity and Alexandroff number (see 
[lOI). 
Lemma 2.1. Let f: X + Y be a continuous mapping onto. Then p( Y) 4 p(X). 
Lemma 2.2. If f: X 3 Y is a conlinuous surjection, then a( Y) 2, a(X). 
Theorem 2.3. For every space X we haue p(X) = a(Cp(X)). 
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If 2 is a space and Y c 2 we will call the set Y r-inaccessible in 2 if A c Z\ Y 
and IA( = T implies IA\ UI = T for some U E 9( Y, Z) (see [9]). 
Let X be a space and n E N+. Then X” = X, x * . . x X, is the nth power of X. 
Here X, are copies of X for all i = 1, .,. . , n,;Let ‘irij:Xn + X, XX, be the natural 
projection. Thinking of Xi x X, as of a copy of X x X let A, c Xi x Xj be the copy 
of the diagonal 
A={(x,x):x~X}cXxX. 
Let AZ= r,‘(A,) and A,, =U{A$: i<j s n} c X”. The set A,, will be referred to as 
n-diagonal in X”. Of course A2 = A in X2. 
Our first step is to show, that T-inaccessibility of A in X2 implies T-inaccessibility 
of A,, in X”. 
Lemma 2.4. Let Z c Y be r-inaccessible in Y for a cardinal r = cf( 7). Zf f: X + Y is 
continuous and onto, then Z, = f ‘(Z) is r-inaccessible in X. 
Proof. Take any A c X\Z,, IAl = T. If If(A)1 = T then there is a 011 E F(Z, Y) such 
that If(A)\%1 = T. Hence %, =f’(“u) E F(Z,, X) and IA\%,1 = T. If, on the other 
hand, If( < T, pick a point y Ed with ]fP’(y) n Al = T. It is clear that Ou, = 
X\f’(y) is the required set. q 
Lemma 2.5. The union of every finite family of T-inaccessible subspaces of X is 
r-inaccessible in X. 
Proof. Let Y,, . . . , Y,, c X be r-inaccessible in X and A c X\u”,=, Yk, IAl = T. 
Choose open sets U,, . . , U,, and subsets A,, . . . , A,, of A with the following 
properties 
(i) U,E.T(Yk, X) for k=l,...,n; 
(ii) A=A,,‘A,xA2x...3A,; 
(iii) IAkl=7 for k=l,...,n; 
(iv) Ak = AL_,\ U, for k = 1, . . . , n. 
Now, put Y =lJz,, Yk, U =I_):=, U,. Then 
UEF(Y,X) and JA\UIA,I=T. 
Recall, that a set UC Z is T-accessible in the space Z if it is not T-inaccessible 
in Z, i.e. there exists an AC Z\ Y with IAl = T and IA\ UI < 7 for every U E 
T(Y,Z). 0 
Proposition 2.6. If the n-diagonal A,, is A,, is T-accessible in X” and T = cf( T), then A 
is r-accessible in X2. 
Proof. It is sufficient to prove that if A is r-inaccessible in X2 then so is A, in X”. 
Let X” = X, X f * 1 x X, and TT~ : X” + Xi x X, be the projection, defined above. The 
set A, is T-inaccessible in Xi x _X,. Using Lemma 2.4 we deduce, that A; is T- 
inaccessible in X”. As A,, = lJ{A z: 1 d i <j d n} the set A,, is T-inaccessible in X” 
by Lemma 2.5 and our proof is complete. 0 
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Recall that if y is a family of subsets of X and XE X, then ord(y, x) = 
({P E y: x E P}I is the order of y at the point x. We will write ord y < A iff ord( 7, x) <A 
for every x E X. 
Proposition 2.7. Let X be a compact space, 7 = cf( r) > No and A 2 K,,. There exists a 
family yc Y*(Cp(X)) with IyJ = r and ord y < A if and only if there is an n 2 2 and 
a set A c X”\A, such that IAl = T and IA\ UI < A for every U E F(A,, X”). 
Proof. To prove the ‘if part of our proposition, take an AC X”\A, with IAl = 7 
and (A\ UI < A for every U E F(A,, X”). For different points x,, . . . , x, E X and 
sets 0,) . . . , Ok E Y*(R) let 
M(x,, . . .) xk: o,, . . .) 0,) = {f~ Cp(X): f(x,) E Oi for i = 1,. . . , k}. 
It is clear, that the sets M(x,, . . . , xk; Or,. . . , 0,) form a base of the space Cp(X). 
Let 
y={M(x, ,..., x,;(O,1),(2,3) ,..., (2n-2,2n-l)):(x, ,..., x,)EA}. 
Of course, IyI = 7. Pick any f E Cp(X). The set u = {(Xl). . . ) X”) E 
X”: If(x,)-f(x,)l<+forsome i<j s n} is a neighbourhood of A,, in X”. Therefore, 
the power of the set K = {(x1, . . . , x,)EA: If(x,)-f(x,)l~$foralli<j~n}isstrictly 
less than A. But {(x, , . . . , x,):f(xi)E(2i-2, 2i-l), i=l,..., n}cK. Thus 
ord(y,f) <A. 
To prove the necessity in Proposition 2.7 observe, that the family B = 
{M(x,,. . .) x,; o,, . . .) 0,): x, E X, Oi E 3*(R) is an interval with rational end- 
points, and Oi n 6, =0 for i # j} is a r-base in Cp(X). Hence it follows from the 
existence of a family y1 c Y*(Cp(X)) o cardinality 7 and of order <A that there f 
is a family y = B with the following properties: 
(v) [~I=T and ord y<A; 
(vi) there exist m E N+ and rational intervals O,, . . . , O,, such that for every 
UE~ there exist x,,..., X,EX for which U= M(x ,,..., x,; 0 ,,..., 0,), and - - 
OinOj=O for lGi<jSm. 
Let A ={(x,, . . ,x,): M(x,, . . . ,x,; O,, . . . , 0,)~ 7)~ X”. We are going to 
prove that for every WE F(A,, X”) the set A\ W has the power strictly less than 
A. In fact, for every y = (y,, . . . , y,,,) E X”‘\ W pick anf, E Cp(X) such thatf,(yi) E Oi 
for i=l,..., m. Then y E V, =fi’( 0,) X. . . x&‘( 0,) c vY c Xm\Am. 
From the cover {V,: y E Xm\ W} of the compact space X”\ W we can choose a 
finite subcover { vVl, . . . , V,,“}. As (An &I <A (for otherwise ord(-y, f;) 2 A) we have 
IA\ WI s U:=, (An V,,) <A and the proof is complete. 0 
Theorem 2.8. Let X be a compact space. A regular cardinal r > No is a caliber of 
Cp(X) @A is r-inaccessible in X2. 
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Proof. If A is r-accessible in X xX, then by Proposition 2.7 there exists a family 
y c F*(Cp(X)) such that 1 y( = T and ord y < 7, i.e. r is not a caliber of Cp(X). On 
the other hand, if T is not a caliber of Cp(X) then by Proposition 2.7 there is an 
m E N+ such that A,,, is r-accessible in X”. Using Proposition 2.6 we conclude, that 
A is T-accessible in X XX. 0 
The rest of this section is devoted to the solution of Gul’ko’s problem [6]. It is 
known [8, 8.211 that X could be considered as a subspace of Cp(Cp(X)), the 
evaluation mapping e: X + Cp(Cp(X)), e(x)(f) =f(x) being the required embed- 
ding. Let L,(X) be the linear span of e(X) in Cp(Cp(X)). Then L,(X) is exactly 
the set of all continuous linear functionals on Cp(X). 
Proposition 2.9. For every space X there is a (linear) continuous injection of Cp(X) 
into X*(T) for some T ifand only ifsome supersequence Ac Cp(Cp(X)) (Ac L,(X) 
respectively) separates the points of Cp(X). 
Proof. It is well known (see e.g. [3]), that if a set Y c Cp(Z) separates the points 
of Z, then Z can be continuously injected into Cp( Y). Now the sufficiency in 
Proposition 2.9 follows from the fact that &(IAI) is homeomorphic to Cp(A) for 
every supersequence A (see [6]). Conversely, suppose that 5: Cp(X) + E*(T) is a 
(linear) continuous injection let Z = [(Cp(X)). Clearly, there is a supersequence 
A, c cp(2.J~)) separating the points of E.+(T). Then T=(A,) = {flZ:f~ A,} is a 
supersequence in Cp(Z) separating the points of Z. The map 5”: Cp(Z)+ 
Cp(Cp(X)) defined by the formula 
embeds the supersequence T=(A,) into Cp(Cp(X)) and A = ,$*(r=(A,)) c L,,(X) 
in case .$ is linear. 
Let fi, fi E Cp(X) be any pair of different functions. Then ,$(fr) # t(&). There 
exists an n 6 rz(Ar) such that n(&(fi)) # ~(5(f2)). Obviously, S(T)(~) z [*(n)(h) 
which means, that the supersequence A separates the points of Cp(X). 0 
The following fact exposes the main idea we use to handle the Gul’ko problem: 
all we need is to unearth a compact non-separable space X with p(Cp(X)) = K,,. 
Proposition 2.10. Let X be a space such that p(Cp(X)) = KO and there exists a 
continuous injection of Cp(X) into Z*(T) for some T. Then X is separable. 
Proof. In fact, if there exists a continuous injection of Cp(X) into E.+(T) then by 
Proposition 2.9 there is some supersequence A c Cp Cp(X) separating points of 
Cp(X). But a (Cp(Cp(X)) =p(Cp(X)) by Theorem 2.3 and hence IAl = KO. There- 
fore, in view of d(X) = iw(Cp(X)) [2], the space X is separable by Proposition 
2.9. 0 
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Theorem 2.11. The following conditions are equivalent for an extremally disconnected 
compact space X: 
(a) Cp( X) can be continuousZy injected into some &( 7) 
(b) Cp(X) can be linearly continuously injected info some X.+(T) 
(c) X is separable. 
Proof. There is no need to prove that (c) implies (b) and (b) implies (a). To establish 
(a)+(c) it suffices to prove, that p(Cp(X)) = K0 in view of Proporition 2.10. To 
this end we will show that the inequality p(Cp(X)) 2 K, cannot be true. Observe, 
that p(Cp( X)) > K, implies that 
(vii) there is an m 22 and an uncountable AC X”\A” such that IA\‘% < No 
for every % E .Y(A,, Xm), by Proposition 2.7. 0 
HuSek proved in [9] that the diagonal A is &inaccessible in X XX for every 
extremally disconnected compact space X. On the other hand it follows from the 
Proposition 2.6 that A,,, is not &,-accessible in X” whch gives a contradiction to 
(vii). Thus Theorem 2.11 is proved. 
Corollary 2.12. Let T be a discrete space and 1 TI 2 K, . Then Cp(PT) does not admit 
a continuous injection into the space J?.+(T) for any T. 
Corollary 2.13. Zffor every closed subspace F qf an extremally disconnected compact 
space X there exists a continuous injection of Cp( F) into Z,(T) then X is Jinite. 
Proof. For every closed F c X the space Cp( F) is a continuous image of Cp( X). 
Hence p(Cp(F)) = tc,, by Lemma 2.1. It follows from Proposition 2.10, that F is 
separable. But every infinite extremally disconnected compact space X contains a 
copy of /3N and PN\N is not separable. Hence the space X is finite. q 
3. Calibers of Cp(X) for compact X and metrization problem 
It was shown in [7], that the following assertion is consistent with ZFC: a compact 
space X is metrizable if and only if the diagonal A is R,-inaccessible in X XX. On 
the other hand, it follows from the Theorem 2.8 that if X is compact, then K, is a 
caliber of Cp(X) iff A is K,-inaccessible in X XX. Therefore, it is consistent with 
ZFC that a compact space X is metrizable if and only if K, is a caliber of Cp(X). 
But the independent axioms used in [7] are rather involved, to say nothing of the 
proof. 
We are going to prove that if K1 and tz, are calibers of Cp(X), 2K~ = KZ and X 
is a compact space, then X is metrizable. Another result is: if CH is true and X is 
a compact space such that t(X) = NO and K, is a caliber of Cp(X), then X is 
metrizable. By means of Theorem 2.8 this can be transformed into a result of HuSek 
(see [9]); it is worthwhile to note that in the proof we use only the methods of 
Cp-theory. 
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Theorem 3.1. Let X be a compact space and w(X) = r. If A = cf(r) > NO then A is not 
a caliber of the space Cp(X). 
Proof. We have r= w(X) = nw(X) = nw(Cp(X)) = d(Dp(X)) as the space Cp(X) 
is monolithic [2]. Besides, t(Cp(X)) = K,,. To finish the proof it suffices to establish 
the following fact: 
Lemma 3.2. If Y is a space of countable tightness, d ( Y) = T and A = cf( T) > NO than 
A is not a caliber of Y. 
Proof. There is a set {x,: (Y < r} dense in Y. Let F, = {xP : p < a} for all (Y < r. It 
follows from t( Y) = No and cf( r) > NO that lJ{ F, : a < T} = Y. There exists a subset 
M c r cofinal with T and such that ]A41 = A. Then lJ{ F,; cz E MO} = Y for every 
M,c M equipotent with M. Therefore, it is impossible to find a subfamily y, c y = 
{ Y/F,: a E M} satisfying the conditions ( y,/ = A and ny, # 0. 0 
Remark 3.3. Theorem 3.1 holds for all compact subspaces of X-this is evident. A 
slight modification of the proof of Theorem 3.1 (substitute nw(X) for w(X)) shows 
that this theorem is true for every space X such that /(X”) = KU for n E N and 
Cp(X) is monolithic [2]. 
Corollary 3.4. If a compact space of weight G K, has an K, -inaccessible diagonal, then 
it is metrizable. 
Theorem 3.5. Let every regular uncountable cardinal be a caliber of Cp(X). Then for 
every compact Fc X we have 
Cf(W(F))SK,. 
Proof. The space Cp(X) can be mapped continuously onto Cp( F). Therefore, every 
uncountable regular cardinal is a caliber of Cp(F). It follows from the Theorem 
3.1 that if w(F)= T and A =cf(T)> NO then A is not a caliber of Cp(X). Hence 
cf(w(F)) =S No. 0 
Question 3.6. Does there exist a nonmetrizable compact space X such that for every 
closed subspace F= X the inequality cf( w( F)) s NO holds? The answer is ‘no’ if 
GCH is assumed. 
Theorem 3.7. Suppose, that 2K~ = Kz. Then every compact space X, for which K, and 
K2 are calibers of Cp(X) is metrizable. 
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Proof. Let us show first, that d(X) = KO. In fact, for every left separated A = X with 
IA\ = K, the compact set F = A has the weight strictly greater, than K,< d(A). But 
w(F)<2 IAl G 2K1 = Kz. Thus w(F) = N, or w(F) = Kz. Hence K, and K2 cannot both 
be calibers of Cp(X) by Theorem 3.1 and Remark 3.3. Therefore, the space X is 
separable and w(X)E{K,,K,,K,} for w(X)G~~~S~~~=K~. As Cf(Ki)>K, and 
K, is a caliber of Cp(X) for i = 1,2, it follows from Theorem 3.1, that w(X) # Ki, 
i = 1, 2. Consequently, the space X is metrizable. q 
Proposition 3.8. Let X be a compact space such that K, is a caliber of Cp(X). Assume 
also that 2K~ = K,. Then for every countable subset A c X the space A is metrizable 
(i.e. for space X is NO-monolithic). 
Proof. Clearly, K, is a caliber of Cp(A) and w(A) G K,. 
But cf(w(A))S K,, by Theorem 3.1. It follows from the cf(K,)> K,, that w(A) = 
K,. q 
Proposition 3.9. Let 2K~ = K,. Zf K, is a caliber of Cp(X), where X is a compact space 
such that t(X) = NO then X is metrizable. 
Proof. In view of Theorem 3.7 it suffices to prove that X is separable. But otherwise 
there is a left separated A = X of power K,. It follows from t(X) = NO that for F = 
we have 
K,<d(A)~nw(F)~K~=K,. 
Hence cf(w(F)) = w(F) = K, and K, is not a caliber of Cp(X) by Theorem 3.1, 
which is a contradiction. 0 
Corollary 3.10. (HuSek [9]). Zf CH is true and a compact space X has K,-inaccessible 
diagonal and countable tightness, then X is metrizable. 
Corollary 3.11. (2K~ = NJ. Zf a compact space X has Ki-inaccessible diagonalfor i = 1, 
2, then X is metrizable. 
The results of this paper were obtained by the authors independently from 
Nahmanson, whose paper [12] appeared after the present paper was submitted. In 
[12] the result stated in Theorem 2.8 was proved in a slightly different form. 
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